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Axisymmetric Cavity Flows Past Slender Bodies of Revolution

Y. S. Chou*
Lockheed Palo Alto Research Laboratory, Palo Alto, Calif.

Axisymmetric cavity flows past slender bodies of revolution have been solved by distributing
singularities on the body-cavity axis and by invoking the slender body approximation. Solutions are
presented for a 5-degree cone and for a blunt cone-cylinder. In the case of a cone, solutions are com-
pared with either experimental data or with available exact solutions. Agreements are found to be
good. The effects of gravity and cavity pressure on both the cavity shape and the pressure distribu-
tion are shown.

Nomenclature
B = normalized body-cavity length
CD — drag coefficient
Cp = pressure coefficient
dmax — maximum cavity diameter
F - Froude number, defined by Eq. (8)
g = gravitational acceleration
L = body length
/ = cavity length
m - source strength
P = pressure
POO = freestream pressure
q2 = total speed defined by Eq. (7)
Rb(x) = body shape
Rc(x) — cavity shape
Rm - maximum radius of body-cavity system
r — perpendicular distance from axis of symmetry
u :=• perturbation velocity component in the x direction
C/oo = freestream velocity
v - perturbation velocity component in the r direction
3> = velocity potential
tp = perturbation velocity potential
<5 = slenderness of body-cavity system, defined as Rm/B
p = density
6 = half-cone angle
a = cavitation number defined by Eq. (8)

Introduction

THE development of underwater missiles has focused at-
tention on the hydrodynamic characteristics of high-speed
flows. One characteristic is that long trailing cavities are
produced as a result of air ventilation or cavitation. The
cavities in these supercavitating flows may affect a mis-
sile's hydrodynamic characteristics and flight trajectory.
For this reason, the force data for supercavitating flow
about a missile's body of revolution are important input
parameters to the computation of underwater missile mo-
tion. The purpose of the present study is to provide solu-
tions for axisymmetric, steady, supercavitating flow about
a slender body of revolution.

Due to the successful application of the hodograph
method, a great amount of work has been done for the
two-dimensional cavity flow such as flows about structs
and hydrofoils. The powerful hodograph method, however,
ceases to be effective in the three-dimensional or axisym-
metric cases. Consequently, considerable effort has been
expended in seeking useful approximations for axisymme-
tric cavity flow.1 But all the approximations have the
common failings of involving complex numerical calcula-
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tions and limited ranges of applicability. Recently Bren-
nen2 presented numerical solutions for the cavities behind
a disk and a sphere in different sizes of a solid wall tunnel
by an elaborate relaxation method. To extend this method
to compute different forebody shapes in an unbounded
medium seems to be numerically prohibitive. In an early
report of Cuthbert and Street,3 supercavitating flow about
slender bodies of revolution was treated. Singularities
(source and sink) were distributed on the body axis for the
potential flow solution and a modified Riabouchinsky
model was employed for the cavity closure. Because of the
slenderness of the forebody, as well as the cavity, the
source or sink strength is related to the local rate of
change of body (or cavity) area. Therefore, they obtained
a nonlinear integral differential equation for the unknown
cavity shape. Their attempts in solving the integral differ-
ential equation were not entirely successful; only a few so-
lutions for 5° and 10° cones were obtained.

A more exact solution for axisymmetric bodies has been
recently given by Struck.4 In his treatment he distributed
singularities on the body and cavity surface. Solutions
were obtained by first guessing a cavity position. This
guessed position was then iterated upon until the constant
pressure condition was satisfied on the cavity surface.

In the present study we will employ the same approach
as that presented in Ref. 3, namely, we will distribute
singularities on a body-cavity axis and apply a slender
body theory to determine the strength of the singularities.
At the cavity closure, a rear stagnation point is assumed
in order to be consistent with the slender body theory.
Again, a nonlinear integral differential equation is ob-
tained for the cavity shape. This equation is reduced to a
matrix equation which is solved by an iterative process. In
order to obtained an initial trial solution to start the ite-
ration, an approximate solution to the integral differential
equation is obtained by reducing the equation to a pure
differential one. This approximate solution is proved to be
an effective initial trial solution. A few iterations upon
this solution lead to a converged solution to the integral
equation.

Solutions are presented in this report for a cone and for
a blunt cone-cylinder. The cone solutions are compared
with those given in Ref. 3 as well as with available experi-
mental data. Agreements are found to be good. Gravity
effects on both the cavity shape and pressure distribution
are shown.

Because of the slender body assumption, the cavitation
number is limited to the order of 52ln5, and the Froude
number has to be order of l/5(ln6)1/2, where d is the slen-
derness parameter defined as the ratio of the maximum
diameter of the body-cavity system to the length of the
body-cavity system.
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Fig. 1 Sketch of geometry.

Mathematical Development

Governing Equations

Let us choose a cylindrical coordinate system (x,r) with
x along the body-cavity axis and r perpendicular to x. The
origin of this coordinate system is located at the body
nose. A sketch of this system is given in Fig. 1. Due to the
fact that both the body and the cavity are axisymmetric,
the flow field will be a function of x and r only. We will
denote the body length by L; the freestream velocity by
um; and the free stream pressure by p^. Let us now nor-
malize all length x,r by L, all velocity u,v by um, and ve-
locity potential by u ^ L. Then, for the present potential
flow, the normalized velocity potential can be written as:

— x + cp (1)
where <p is the perturbation velocity potential such that
the perturbation velocity components u and u are

V — d(p/dr (2)
By distributing singularities on the axis x, the perturba-
tion potential function can be written as

/ (3)

where m(x) is the unknown strength and B is the yet un-
known body-cavity length. We note that due to the pres-
ent normalization the body length is unity. Assuming the
body-cavity is given by r = R(x), R(x) = Rb(x) is the
given body and R = Rc(x) is the cavity yet to be compu-
tated. It is assumed that the cavity starts at jc = 1, then
at this point

Rb(l) = Rc(l) and dRb(l)/dx = dRc(l)/dx

Let us define 5 = Rm/B where Rm is the maximum of
R(x). If 5 <C 1, we can apply the well known slender body
theory to determine m(x). According to this theory (Ref.
5, for example), we have

m(x) = ndR2/dx
and

^ dR/dx
Consequently, we obtain

dx

(4)

(5)

In obtaining Eq. (4), it is assumed that dR/dx - 0(5); for
this reason we see that slender body theory must fail in
the blunt nose region as well as near the cavity closure.
Within the region of validity of the slender body theory it
can be shown6'7 that u = 0(62 ln<5).

The Bernoulli equation is
2 =p + (l/2)p^V ~PgL(x-xQ) (6)

where q2 is the total speed defined as

q2 = (1 + u)2 + v2 * I + 2u + v2 (7)
g is the gravity acceleration and JCQ is the reference level

for the gravity field. We will choose oco = 1. Also the grav-
ity field is assumed to act in the positive x direction. De-
fine the cavitation number a and Froude number F as

- <p.-pc)/(l/2)puj, F = uJ(gL)il2 (8)

where pc is the cavity pressure. It is assumed that the
pressure is constant inside the cavity. On the cavity sur-
face, the pressure must also be a constant because it is a
free surface, this pressure therefore must be equal to Pc.
The cavity surface is a stream surface. Hence, on the cav-
ity surface, i.e., 1 < x < B, Eq. (6) becomes

a- 2u + v2 -2(x-l}/F2

Substituting Eqs. (4) and (5) into (9), we obtain

dR2

(9)

Equation (10) is the nonlinear integral differential equa-
tion for the unknown cavity shape Rc. Both the cavitation
number a and Froude number F are given parameters.
Once Rc has been determined, the pressure coefficient on
the forebody, as well as the drag coefficient, can be deter-
mined as the following:

0 < x <

dx -dx +

(U)

(12)

In order to apply slender body theory, we mentioned be-
fore that dR/dx must be order of d and u must be order of
<52ln 5. Therefore, from Eq. (10), we see that the cavitation
number a and l/F2 must also be order of <52ln 6, otherwise
the slender body theory solution will not be valid.

Method of Solution

The governing equation for the axisymmetric slender
cavity shape is given by Eq. (10); the boundary conditions
for Rc are: at x = 1, Rc = R^, dR^/dx = dRc/dx and at x
= B, Rc = 0. It is the purpose of this report to present so-
lutions to Eq. (10) for various forebody shapes and differ-
ent values of a and F.

It is convenient to define a variable Y as

= RC
2 (13)

The integral part of Eq. (10) can be integrated by part
once, it yields

dR2

/
(dY\
\dx I

[(x-BY

[(x-SY
d2Y,

J IV v — £\2 4- Vl1/2
1 L\-^ S / ' -«• J

We will assume that the cavity closes like a cone, then
dY/dxB = 0. For simplicity, we will denote

|Fn ¥=Y>,fe£) =F6 ' (0)anddx2 dx \dx L "

*M = /
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Eq. (10) can therefore be written as

2 + F)1
(Ff 2U - 1)
4F "F2

1 < x ^ B
].

(14)

To solve Eq. (14), we will choose j + I discrete points be-
tween 1 < x < B, let n = 1,2, . . ., j such that jci = 1, x/+i
= J5, between xn and jcn+i, Y is assumed to be a quadratic
function in jc, i.e., for xn < x < ^c^+i

F = Yn + an(x - xn) + bn(x - xn)2

Hence, the integral in Eq. (14) becomes a summation

1 f *
2 ji I

n±L [(*' ' %n +
t—t^n AH i / _ w i
n=l # ^n + (A* #nj +

Substituting Eq. (15) into Eq. (14), we obtain

^ x - x +\(x. — x )2 + F]1/2

/-/0 „ In ; ; r/~~ r ? ; ,rii 79 =

1/2
TTT (15)

a + &(x) + IY(0) (FO2 , 2(x - 1)
T ————x-

F2

1 < x <B (16)

For a given x, Eq. (16) thus becomes an algebraic equa-
tion for bn provided Y and B are known.

To determine bn, we choose to satisfy Eq. (16) at dis-
crete points x = xn. We then obtain a matrix equation

(17)

where An is a y-dimension vector, its component is bn.
is a ./-dimension vector, its component is

Lk = a + £(xk) +

and ttkn is ay' X j matrix, its element is given by

[U f c -^ 2 + F,]1 (19)

where Y& is Y at :c = xk. Yk
f is dYk/dx at ^cfe. Equation

(17) can be solved by a standard matrix inversion provid-
ed that &kn and Lk can be calculated. Once bn is deter-
mined, an can be calculated by requiring that dY/dx be
continuous at every discrete point. We obtain

a — a 4. 25 (# — x ) (20)

From the boundary condition that Rc(l) - RbW,
dRc(l)/dx = dRb(l)/dx, it is clear that ai =
2U&(l)d^&(l)/djc.

Once an and bn are known, we can compute Yk which is
given as follows:

Yk =

for x=l (21)

In Eq. (21) we have used the boundary condition that at jc
= 1, Rc

2 = Rb
2. The body-cavity length B should be de-

termined such that Y = 0 at x = B. In order to solve the
matrix equation, Eq. (17), an initial guessed solution

must be made so that proper discrete point Xk can be
chosen and fifen and Lk can be calculated. Based on this
guessed solution, one can obtain the calculated solution
Yk as given by Eq. (21). If the calculated Yk does not
agree with the guessed Yk, new guessed Yk will be given
and iteration will continue until a converged solution is
obtained.

Once the cavity shape has been found, the pressure
coefficient on the forebody surface can be calculated ac-
cording to

7T +

b(0)/dx

0 < x < 1 (22)

Approximate Solution

We will now develop an approximate solution to be used
as the initial guessed profile in the iteration process de-
scribed above. Under the present approximation, the orig-
inal integral differential equation, Eq. (10), will be re-
duced to a differential equation. Standard numerical
methods in solving the ordinary differential equations can
be employed and solutions can be easily obtained.

According to Laitone,5 the perturbation velocity on the
surface of a slender body which is given by an integral can
be approximated by an infinite series of local area differ-
entials.

dR2 (B - 2x)
2 \ dx x(B - x} dx2

(B - 2x)
QUO (23)

Assuming \d3R2/dx3\ < \d2R2/dx2\9 we can approximate
the right hand side of Eq. (23) by only two terms,

(24)_ _! { dR2 (B - 2x) d2R2 I" 4x(J5
2 i dx x(B - x) ~d^~ L I?

Applying Eq. (24) on a cavity surface and substituting it
into Eq. (10), we obtain an equation for cavity shape Rc
as:

x(B-X)

After some manipulation, it can be shown that Eq. (25)
can be reduced to the following system of first order equa-
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———— PRESENT SOLUTION

____ APPROXIMATE SOLUTION(EQ. 25)

O CUTHBERT & STREET REF. 3

12 14 18 20

Fig. 2 Cavity shapes for a 5° cone at a = 0.0042, F -* °°.

tions

CUTHBERT & STREET (REF. 3)O 5°

A 10°

—— REITHARDT DATA (REF. 7)
O 5«
O 10'

PRESENT SOLUTION

0 0.005 0.01 0.015 0.02 0.025 0.03

Fig. 4 Fineness ratio for cones vs cavitation number, F -*• °°.

dx

dG
dx

(26)

(dY/dx

Equation (26) is an initial value problem provided B is
given. The initial conditions are, at x = I, Y = Rb

2(l), G
= 0, (dY/dx) = 2Rb(l)dRb/dx)i. The unknown parameter
B is determined by the condition that Y = 0 at x - B.

To solve Eq. (26), a guessed value for B has to be made.
This value is then iterated upon until Y = 0 at x = B.
Even though iteration is involved in solving Eq. (26), a
simple iteration scheme can be written and the solution is
readily obtained. This solution will be used to start the it-
eration process for the solution to the matrix equation,
Eq. (17).

Results

In this section we will present some results for cones
and for a blunt cone-cylinder. Comparisons are made for
cavity shapes behind a cone and the cone drag with either
more exact calculations or with experiments. For the
blunt cone-cylinder, we will show the pressure distribu-
tion on the forebody and the cavity shapes for various cav-
itation and Froude numbers, including negative cavitation
numbers.

——— PRESENT SOLUTION

O EXACT SOLUTION TO THE NEWMANN PROBLEM

Cone

The equation for a cone is, simply,

Rb = x tan# (27)

where 6 is the half cone angle. From Eq. (27) we can cal-
culate £(x) and Y&'(0) which will be needed in Eq. (18).
Obviously, for the present point cone case, Y&^O) is zero.

The results for a cone are plotted in Figs. 2-6. Figure 2
shows the cavity shape for a 5° cone at a = 0.0042 and
with no gravity effect (F2 —*• <»). The shape is compared
with that of Ref. 3. We see that they are in excellent
agreement. Also shown in Fig. 2 is the cavity shape based
on the approximate solution [solution to Eq. (26)]. It is
seen that the approximate solution agrees closely near the
cavity separation region (up to about x = 2). However, it
deviates significantly from the more exact solution near
the rear end of the cavity.

The pressure coefficient is plotted in Fig. 3. Also shown
in this figure is the exact solutionf to the so-called Neu-
mann problem (dotted line). This is the solution to the
potential flow over the body-cavity by considering the
cavity as a solid boundary. The cavity shape used for the
Neumann problem is provided by the present solution.
Should the cavity shape given by the present solution be
exact, the pressure coefficient on the cavity based on the
Neumann solution should be constant and equal to the
negative cavitation number. As we can see from Fig. 3,
the pressure coefficient given by the present solution
agrees very well with the exact Neumann solution, and on
the cavity, the Neumann solution yields a pressure coeffi-
cient nearly constant and equal to negative cavitation
numbers except near the cone base. In that region, the
pressure coefficient oscillates. The poor agreement near
the cone base is probably due to the fact that the present
method of solution (by distributing singularities on axis of
symmetry) cannot reproduce the curvature discontinuity
at the body cavity junction.

Fig. 3 Pressure distribution for a 5° cone at a - 0.0042, F - fThe author is indebted to J. A. Brosseau of Lockheed Missiles
Space Co. Inc., for this exact solution to the Neumann problem.
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O CD(CT * 0) + CT EXPERIMENT (REF. 8)

——— PRESENT SOLUTION
O

O
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a

Fig. 5 Drag coefficient vs cavitation number for a 5° cone. BODY CAVITY Y " *°
"————————————————I—————-———————— n «^^——^Ji 2
__________________1____________ T" - 20^y i ^^y-«< L

Figure 4 shows the fineness ratio vs a for 5° and 10°
cone. The fineness ratio is defined as the ratio of the
maximum diameter of the cavity dmax to the cavity
length J5-1. Comparisons are made with that of Ref. 3 and
with the experimental data by Reichardt (taken from Ref.
8). The agreement is excellent.

The drag coefficient is plotted in Fig. 5 for a 5° cone
at various a. Also presented in this figure is the experi-
mental data given in Ref. 9. It is seen that the present re-
sult becomes increasingly less accurate as the cavitation
number increases. As we have indicated before, in order to
apply the slender body theory a must be order of <52ln 6.
Therefore, as G increases, the present solution becomes
less valid.

The results we presented up to now are all gravity free.
In order to see the gravity effect, we present, in Fig. 6, the
pressure coefficients and the cavity shapes for several
Froude numbers. The forebody shape for these cases is,
again, a 5° cone. We see that the gravity effects are to
reduce the cavity length and to reduce the pressure coeffi-
cient on the forebody. The gravity, therefore, seems to
provide a mechanism for the closure of the cavity. The
pressure coefficient is reduced because of buoyancy. For
low speed, or for low Froude numbers, one can expect
negative drag coefficients as shown in the case of F2 = 10.
We should note, however, that slender body theories will
probably cease to be valid for such low Froude numbers.

Blunt Cone-Cylinder

We will present here some sample computations for a
blunt cone-cylinder. This body shape is given by the fol-
lowing equations:

Rh
2 = 0.0498 x -0.067*2

Rh
2 = 0.0093

0 <x< 0.372

0.372 < x < 1 (28)

The results of these computations are plotted in Fig. 7
and Fig. 8. In Fig. 7, the cavity shapes for various F2 and

ZZCH
CAVITY F" - 50

TT - 100

F 2 - 3S&
Fig. 7 Cavity shapes for a blunt cone-cylinder.

a are given. It is seen that both the cavity shape and the
cavity length depend strongly on cavitation number a. For
negative a, the maximum diameter of the cavity is larger
than the body base diameter and the cavity length is con-
trolled by the Froude number. For zero or positive a, the
maximum diameter of the cavity is always less than that
of the body base. The length of the cavity is influenced by
the Froude number, but the influence is small for the
large positive a case. Indeed, for the case of a = 0.05, the
cavity lengths change very little for the three Froude
numbers presently presented. Furthermore, the shapes are
practically the same except near the rear end of the cavi-
ty. Hence, we can draw the following conclusion based on
Fig. 7: for the blunt cone-cylinder, the gravity effect on
the cavity shape seems to be small when the cavitation
number is positive. By comparing Fig. 7 with Fig. 6, we
see that the gravity effect on the cavity length is larger for
a cone than for a blunt cone-cylinder. The degree of influ-
ence of gravity on the cavity shape is perhaps dependent
on the cavity slope at the separation point.

o.i
0

a'0'1

-0.2

-0.3

-0.4

0.1

0

-0.1
Q.

-0.2

-0.3

-0.4

Fig. 6 Pressure distributions and cavity shapes for a 5° cone
at various Froude numbers, a - 0.0042.

Fig. 8 Pressure distributions on a blunt cone-cylinder foir
various cavitation and Froude numbers.
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Figure 8 shows the pressure coefficient on the forebody
for various a and F2. For the cases presented, the body ex-
periences buoyancy rather than drag since the pressure
coefficients are mostly negative. From this figure, we see
that the effect of cavitation number on pressure coeffi-
cient can be felt up to about 40% of the forebody length
from the base.

Conclusions

A slender body theory has been applied to solve the axi-
symmetric supercavitating flows. Since the unknown cavi-
ty shape is determined by the constant pressure condition
and the Bernoulli equation, the validity of the present so-
lution depends not only on the slenderness 5 being small,
but also on the cavitation number a being small and on
the Froude number being large. Specifically, the solution
will not be valid unless a and l/F2 are of the order of <52ln
5 or less.

The effects of the cavitation number and the Froude
number on the cavity and forebody pressure coefficient
have been studied. For zero or negative cr, the cavity can-
not be closed unless gravity (acting in the positive x-di-
rection) is present. In this case, the cavity length depends
strongly on the Froude number, the smaller the F, the
shorter the cavity. For positive <r, the cavity length is
more sensitive to a than to F. The effect of increasing a
on cavity length is to decrease it. In the case of a blunt
cone-cylinder, the maximum diameter of the cavity is al-
ways less than the body base diameter for zero or positive
<r; for negative a with gravity, it is always larger than the
body base diameter. The effect of gravity on cavity shape
for positive a is small.

To increase a is to decrease the forebody pressure coef-
ficient. In the case of a blunt cone-cylinder, the effect of

varying a on pressure coefficient can be felt about 40% of
the forebody length from the base. To decrease F is to de-
crease the forebody pressure coefficient, the effect of vary-
ing F on pressure can be felt, obviously, throughout the
entire forebody length.

The approximate solution given by Eq. (26) is an excel-
lent first guess solution. A few iterations upon this solu-
tion lead to a converged solution to the integral equation.
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